We consider the fair Hamiltonian cycle Maker-Breaker game, played on the edge set of the complete graph K n on n vertices. It is known that Maker wins this game if n is sufficiently large. We are interested in the minimum number of moves needed for Maker in order to win the Hamiltonian cycle game, and in the smallest n for which Maker has a winning strategy for this game.
Introduction
Let F be a hypergraph. In the fair Maker-Breaker game F two players, called Maker and Breaker, take turns in claiming previously unclaimed vertices of F , with Breaker going first. Each player claims one vertex per turn. Maker wins the game as soon as he claims all the vertices of some hyperedge of F . If by the time every vertex of F is claimed by some player, Maker was not able to fully claim any hyperedge of F , then Breaker wins the game. The game which differs from F only in the fact that Maker is the first player instead of Breaker, will be denoted by F M .
Let n be a positive integer, and let H n be the hypergraph whose vertices are the edges of K n , and whose hyperedges are the edge sets of all Hamiltonian cycles of K n . In this paper we study the fair Maker-Breaker Hamiltonian cycle game H n .
The rest of the paper is organized as follows. In Section 3 we prove Theorem 1.1 and in Section 4 we prove Theorem 1.2. Finally, in Section 5 we present some concluding remarks and related open problems.
Winning the Hamiltonian cycle game quickly
In this section we prove Theorem 1.1. In order to do so, we will first present a strategy for Maker, then show that, using this strategy, Maker can win H n in n + 1 moves, and finally prove that Maker can indeed follow this strategy. Throughout this section we assume that n is as large as necessary.
Maker's strategy
Phase 1. Maker starts by building two vertex disjoint paths, P = p 0 p 1 . . . p 5 and Q = q 0 q 1 . . . q 5 , such that just after his 10-th move, the following properties hold:
(i) every edge of Breaker is incident with some vertex of P ∪ Q;
(ii) at least one of the two edges (p 0 , p 5 ) and (q 0 , q 5 ) is free.
If possible, Maker claims either (p 0 , p 5 ) or (q 0 , q 5 ) in his 11th move and continues to Phase X; otherwise he proceeds to Phase A.
Phase A. If there are no edges of Breaker that connect an endpoint of one of Maker's paths and some vertex of one of his other paths, then Maker goes directly to Phase B.
Otherwise he chooses an arbitrary endpoint v of one of his paths which is incident with such an edge of Breaker, and claims a free edge that is incident with v and some arbitrary isolated vertex. If he can now close this longer path into a cycle in his next move, then he does so and continues to Phase X. Otherwise he repeats Phase A.
Phase B. If every vertex which is of positive degree in Breaker's graph belongs to some path of Maker, then Maker goes directly to Phase 2.
Otherwise, let v be an arbitrary vertex that is isolated in Maker's graph but not in Breaker's graph. In his next move, Maker claims a free edge that connects v and an endpoint of one of his paths, such that the edge that connects v and the other endpoint of that path is still free. If he can now close this longer path into a cycle in his next move, then he does so and continues to Phase X. Otherwise he repeats Phase B.
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Otherwise he builds a new path P = p 0 p 1 . . . p 5 which is vertex disjoint from all of his other paths, such that just after building P the following properties hold:
(i) every edge of Breaker is incident with a vertex of some path of Maker;
(ii) the edge (p 0 , p 5 ) is free.
If Maker can close the new path P into a cycle in his next move, then he does so and continues to Phase X. Otherwise he proceeds to Phase A. Otherwise, in his next move, Maker claims an edge e = (x, y) such that the following properties hold:
(i) x and y are endpoints of two distinct paths of Maker, denoted by P x and P y respectively;
(ii) the edge (x , y ), where x = x is an endpoint of P x and y = y is an endpoint of P y , is free; (iii) if there exists an edge of Breaker that connects endpoints of two different paths of Maker, then (x, y) is adjacent to at least one such edge.
If Maker can now close this longer path into a cycle in his next move, then he does so and continues to Phase X. Otherwise he repeats Phase 5.
Phase 6. Maker uses 3 more moves to turn his two paths into a Hamiltonian cycle (the exact details of how Maker can achieve this goal are given in Lemma 3.6). Phase X. Let C denote Maker's cycle. Maker builds a Hamiltonian path P on K n \ C, and then connects P and C to form a Hamiltonian cycle in K n (the exact details of how Maker can achieve these goals are given in Lemma 3.3 and Lemma 3.7). This phase lasts exactly n + 1 − k X moves, where k X denotes the number of moves that Maker has made before entering Phase X.
Proof of correctness
It is clear that if Maker can play according to this strategy, then he wins H n in n + 1 moves. Hence, it suffices to prove that Maker can indeed follow his strategy. Before doing so, we state and prove some auxiliary lemmas.
The first phase of Maker's strategy consists of building two vertex disjoint paths. The following lemma asserts that he can indeed do so.
Lemma 3.1 Let s ≥ 2 and let n > 4(s + 1). Playing on K n , Maker, as the second player, has a strategy for building two vertex disjoint paths P = p 0 p 1 . . . p s and Q = q 0 q 1 . . . q s , such that just after his (2s)-th move the following properties hold:
(ii) at least one of the two edges (p 0 , p s ) and (q 0 , q s ) is free.
Proof We will prove this lemma by induction on the number of moves made by Maker. In his first two moves, Maker claims two independent edges e and f such that, when viewed as paths P Assume that properties (a), (b), (c) and (d) hold after Maker's j-th move, for some 2 ≤ j < 2s. Let g = (g , g ) denote the edge claimed by Breaker in his (j + 1)st move. We distinguish between the following three cases.
Case 1: g is not incident with any vertex of P j 1 ∪ P j 2 . Assume without loss of generality that the length of P j 1 is strictly less than s (otherwise this holds for P j 2 ). By property (a), at least one of the edges (g , p This concludes the proof of Lemma 3.1.
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The following lemma asserts that Maker can continue to build more paths. then Maker can build a path P = p 0 p 1 . . . p r , such that just after his r-th move the following properties hold:
(ii) every edge of Breaker is incident with some vertex of P ∪ S;
(iii) the edge connecting the endpoints of P is free.
The proof of Lemma 3.2 is very similar to that of Lemma 3.1. We omit the straightforward details.
A central ingredient of Maker's strategy is building a long path with some additional properties. This is taken care of by the following lemma.
be an arbitrary subset. Assume that just before Maker's (k 0 + 1)st move, the edges with both endpoints in K n \ S he has claimed so far, span a linear forest F , consisting of f paths. Let I = V (K n \ F ) \ S, and let e b denote the number of Breaker's edges that are not incident with any vertex of S ∪ V (F ). If either
then Maker can build a Hamiltonian path P on K n \ S in f + |I| − 1 moves, while ensuring that e(B
The proof of Lemma 3.3 will rely on the following two lemmas:
Lemma 3.4 Let e 1 and e 2 be two arbitrary edges of K m . Let F m (e 1 , e 2 ) denote the hypergraph whose vertices are the edges of K m \ {e 1 , e 2 } and whose hyperedges are the spanning linear forests of
Proof For the sake of convenience, we will assume that both e 1 and e 2 were claimed by Breaker.
Assume first that m is even. In the following, Maker ensures that for every 1 ≤ k < m 2 , the following two properties hold after his k-th move:
(i) Maker's graph is a matching consisting of k edges.
(ii) Every edge of Breaker is adjacent to some edge of Maker. . For k = 1 this is clear, as Maker can claim an edge that is adjacent to both e 1 and e 2 . Assume now that (i) and (ii) hold for some 1 ≤ k < m 2 − 1. In his next move, Breaker claims some edge e. If e is adjacent to some edge of Maker, then he claims an arbitrary edge that connects two vertices that are isolated in his graph. If e is not adjacent to any edge of Maker, then he claims an edge which is adjacent to e and which connects two vertices that are isolated in his graph. It follows that properties (i) and (ii) hold after his (k + 1)st move. In both cases, the required edge exists, because there are m − 2k > 3 isolated vertices in Maker's graph, and, by property (ii), every edge of Breaker (except possibly e) is adjacent to some edge of Maker. If m is odd, then Maker's strategy is essentially the same; we omit the straightforward details.
Lemma 3.5 Assume that just before Maker's (k 0 + 1)st move, his graph admits a linear forest F . Let f ≥ 1 denote the number of paths in F , and let
Proof In each of his moves, Maker connects two endpoints of two different paths of his graph on K n \ S. Hence, after each move of Maker, the number of paths in his graph decreases by one, and thus, after f − 1 moves, he will build a Hamiltonian path on K n \ S. Of course one has to prove that this is indeed possible; that is, to prove that there will always be an available edge for Maker to claim. In order to ensure this, for every k 0 ≤ k ≤ k 0 + f − 2, Maker will claim an available edge while making sure that at least one of the following properties is satisfied:
We prove by induction on k that this is indeed possible, and guarantees the existence of an available edge just before Maker's (k + 1)st move.
For k = k 0 , property (a) holds because of the assumption of the lemma.
Let k 0 ≤ k < k 0 + f − 2; this ensures that v(B k (S)) ≥ 6. Assume first that property (b) holds for k; we prove that it will hold for k + 1 as well. Since property (b) holds for k and v(B k (S)) ≥ 6, it follows that for every v ∈ V (G k (S)), there exists an available edge which is incident with v. Maker plays as follows (note that the motivation behind certain parts of his strategy described here, will become clear only when we consider his last move):
Case 1: e(B k (S)) = 3. If e(B + k (S)\B k (S)) = 0, then Maker claims an arbitrary available edge which is incident with some edge of B k (S). It follows that e(B k+1 (S)) ≤ 3 and − 1 paths. It will then follow that Hence, without loss of generality we can assume that condition (ii) holds.
Lemma 3.3 now follows directly from Lemma 3.5. 2
Finally, we need two more short lemmas that will allow us to build the Hamiltonian cycle at the end of Maker's strategy. We are now ready to prove that Maker can indeed follow his strategy; our proof will follow its phases. an isolated vertex. It is therefore sufficient to show that there are isolated vertices at any point during those phases. Since Maker cannot close a path into a cycle, the last edge claimed by Breaker must connect the two endpoints of one of Maker's paths. It follows that during Phase A, Maker claims at most one edge for every endpoint of his paths. Since he enters Phase A at most 15 times, and at each such time he has at most 15 paths, it follows that he claims at most 2 · 15 2 edges in Phase A. In Phase B, Maker claims at most one edge for every vertex which is isolated in his graph but not in Breaker's. By Maker's strategy for Phases 1 and 2, there are at most 5 such vertices for every path of Maker and one more since Breaker starts the game. Hence, Maker claims at most 1 + 5 · 15 edges in Phase B. Maker also claims 5 · 15 edges during Phases 1 and 2. It follows that whenever he is in Phase A or in Phase B, there are at most
vertices in K n that are not isolated.
Phase 2. Let S denote the set of all vertices of positive degree in Maker's graph. All edges of Breaker are between vertices of S (this was ensured in Phase B). Moreover, |S| < 700 throughout this phase (recall (1)), and therefore there are more than 12 isolated vertices of K n . Hence, Maker can build the required path by Lemma 3.2.
Phase 3. Throughout this phase, unless Maker builds a cycle and goes to Phase X, Breaker claims only edges, both endpoints of which are incident with Maker's paths. It follows that there is always an isolated vertex that Maker can connect to an endpoint of one of his paths.
Phase 4. Let I denote the set of isolated vertices in Maker's graph; it follows from (1), and from Maker's strategy that |I| = 9 when Maker first enters Phase 4. Let S = V (K n ) \ I and let k 0 denote the number of moves that Maker has made so far.
First, we have to show that Maker can build the new path P in 8 moves. It follows from Maker's strategy for the previous phases that e(B Let p 1 , p 2 denote the endpoints of P . Since Breaker claims exactly 9 edges during Phase 4, and since there are 15 other paths of Maker, it follows that there is at least one path Q of Maker, with endpoints q 1 , q 2 , such that both (p 1 , q 1 ) and (p 2 , q 2 ) are free. Maker claims (p 1 , q 1 ) in his last move of this phase. Phase X. Let k X denote the number of moves that Maker has made before entering Phase X. Maker's graph consists at this point of a cycle C, and a linear forest
). We will show that Maker can build a Hamiltonian path P on K n \ C within n − 1 − k X moves in this phase, such that there are at most 3 edges of Breaker that connect an endpoint of P and a vertex of C. It will then follows by Lemma 3.7 that Maker can indeed build a Hamiltonian cycle on K n within n + 1 − k X moves in this phase.
At any point during Phases 1, A, B or 2, there are at most 12 edges of Breaker, such that at least one endpoint of each of these edges does not belong to a path of Maker. Moreover, if Maker has built the cycle C in one of these Phases, then there may be at most 2 edges of Breaker that are not incident with any vertex of Maker's graph just before Maker's (k X + 1)st move. Indeed, Breaker may have claimed one arbitrary edge just before Maker was able to build his cycle C and one arbitrary edge just after Maker has built his cycle. It follows that
because there are clearly more than 50 isolated vertices in Maker's graph during any of these phases.
At any point during Phase 3, if Maker cannot build his cycle, then the endpoints of all of Breaker's edges must be covered by Maker's paths. Moreover, if (x, y) is some edge of Breaker and x is an endpoint of Maker's path P , then y ∈ V (P build his cycle C and one arbitrary edge just after Maker built his cycle. It follows that
because, currently, Maker's graph contains exactly 14 paths. Moreover, it is clear that |I| ≥ 9 as we are in Phase 3.
If we are in Phase 5, then I = ∅. Let k 0 denote the number of moves that Maker has made, just before entering Phase 5 for the first time.
Recall that e(B k 0 +i ) ≤ 8 − i for the first 0 ≤ i ≤ 8 moves of this phase (assuming that Maker did not yet build his cycle C). Thus, if k X = k 0 + 1 + i for some 0 ≤ i ≤ 8, then
as Breaker may have claimed one arbitrary edge just before Maker has built his cycle, and one arbitrary edge just after Maker has built his cycle. Moreover, Maker has exactly 15 − i − 1 paths at this moment.
If Maker has built his cycle C in his (i + 1)st move of Phase 5, for some 9 ≤ i ≤ 11, then
as at this moment we have f ≥ 3.
In all of those cases, we can apply Lemma 3.3 to conclude that Maker can build a Hamiltonian path on K n \ C, such that there are at most 3 edges of Breaker that connect an endpoint of this path and some vertex of C. Moreover, he does so in exactly n − 1 − k X moves.
Finally, assume that Maker has built his cycle C in Phase 5 such that, just after doing so, his graph on K n \ C consists of exactly two paths P and Q (note that Maker has more than two paths when he first enters Phase 5) . There are at least two free edges among the four edges that connect the endpoints of P to the endpoints of Q, as e(B k X (C)) ≤ e(B + k X (C)) ≤ 2. Thus, Maker can claim one of these edges to build a Hamiltonian path on K n \ C. Moreover, it is clear that e(B + k X +1 (C)) ≤ 3. Again, it follows by Lemma 3.3 that Maker can build a Hamiltonian path on K n \ C, such that there are at most 3 edges of Breaker that connect an endpoint of this path and some vertex of C. Moreover, he does so in exactly n − 1 − k X moves.
This concludes the proof of Theorem 1.1. Phase 2. Maker builds a Hamiltonian path Q on K n \ C, while making sure that just before his next move, there are at most three edges of Breaker that connect an endpoint of Q and a vertex of C; he then proceeds to Phase 3.
Phase 3. Maker builds a Hamiltonian cycle on K n by connecting the endpoints of Q with two consecutive vertices of C.
Proof of correctness In order to prove Theorem 1.2, it suffices to prove that Maker can always follow the aforementioned strategy; our proof will follow its phases. If on the other hand, Breaker does claim (p 0 , p 4 ) in his next move, then Maker claims (p 4 , p 5 ), where p 5 is an arbitrary isolated vertex. Such an isolated vertex exists, as so far, both players have claimed 5 edges each and n > 20. Since p 5 was isolated before Maker's 5th move, it follows that both (p 0 , p 5 ) and (p 1 , p 5 ) are free after this move. Breaker can claim at most one of these edges in his next move, and therefore Maker can build a cycle C of length either 5 or 6 in his 6th move.
Phase 2. Let k ∈ {5, 6} denote the number of moves that Maker has made during Phase 1. Maker's graph consists at this point of a cycle C and a set I of vertices that are not in C. Note that e(B + k (C)) ≤ 6. Furthermore, it is straightforward to verify that there are at most 2 edges of Breaker that are not incident with any vertex of C. As there are at most 6 vertices in the cycle C, the set I consists of at least 23 vertices and therefore • A straightforward adaptation of our proof of Theorem 1.2, yields κ(H n ) ≤ 38 (the only significant difference is that, in Phase 1, instead of using Lemma 3.2 to prove that Maker can build one path with the desired properties, we use Lemma 3.1 to prove that Maker can build two paths). Though this version is different than the one addressed by Papaioannou, it is more useful in practice (see e.g. [3] ).
• We have proved that Maker can win the fair Hamiltonian cycle game, played on the edges of K n , within n + 1 moves (and this is best possible). It would be interesting to obtain an analogous result for a biased game (e.g. Breaker claims two edges of K n per move instead of just one), or for a fair game played on some subgraph of K n (e.g. G(n, 1/2)).
